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Abstract. In this paper, in Euclidean n -space nE , we investigate the relation between slant 
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between  slant helices, spherical helices in nE  and geodesic curves on a helix hypersurface in nE . 
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1.  INTRODUCTION  
     
   Slant helice is one of the most important topics of differential geometry. Izumiya and 
Takeuchi have investigated the many properties of slant helices that the normal lines 
make a constant angle with a fixed direction in Euclidean 3-space [7]. Moreover, they 
proved that a space curve is a slant helix if and only if the geodesic curvature of the 
principal normal of the curve is a constant function [7]. Besides, Izumiya and Takeuchi 
described a slant helix if and only if the function 
)()( 2322
2
′
+ κ
τ
τκ
κ
 
is constant, where κ  is curvature and τ is torsion of the curve, respectively[7].  
   Monterde obtains  a geometric characterization of Salkowski curves whose the normal 
vector maintains a constant angle with a fixed direction in space [11]. 
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   On the other hand, Kula and Yayli have investigated spherical images of tangent 
indicatrix of a slant helix in Euclidean 3-space and they proved that the spherical images 
are spherical helix in Euclidean 3-space[9]. 
   General helice whose tangents make a constant angle with a fixed direction is also 
considerable subject of differential geometry. Many geometers have studied on this type 
of curves [5,10,14]. In 1845, de Saint Venant first proved that a space curve is a general 
helix if and only if the ratio of curvature to torsion be constant[15]. Moreover, Ali and 
López consider the generalization of the concept of general helices in the Euclidean n -
space nE [1]. Also, Yılmaz and Turgut introduce a new version of Bishop frame and 
introduce new spherical images [17]. 
   In differential geometry of surfaces, an helix hypersurface in nE  is defined by the 
property that tangent planes make a constant angle with a fixed direction [4]. Di Scala 
and Ruiz-Hernández have introduced the concept of these surfaces in [4]. And, 
A.I.Nistor has also introduced certain constant angle surfaces constructed on curves in 
3E [12].  
   Özkaldı and Yayli give some characterization for a curve lying on a surface for which 
the unit normal makes a constant angle with a fixed direction [13]. 
   One of the main purpose of this work is to observe the relations between slant helices 
and spherical helices. Another purpose of this study is to give an important relation 
between helix hypersurfaces and spherical helices. 
 
2.  PRELIMINARIES 
 
Definition 2.1 Let nER: →Ι⊂Ια  be an arbitrary curve in nE . Recall that the curve 
α  is said to be of unit speed ( or parametrized by the arc-length function s ) if 
1)(),( =′′ ss αα , where ,  is the standart scalar product in the Euclidean space nE  
given by  
,,
1
i
n
i
i yxYX ∑
=
=  
for each nnn yyyYxxxX E),...,,( ),,...,,( 2121 ∈== .  
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Let { })(),...,(),( 21 sVsVsV n  be the moving frame along α , where the vectors iV  are 
mutually orthogonal vectors satisfying 1, =ii VV . The Frenet equations for α  are 
given by  
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Recall that the functions )(ski  are called the i -th curvatures of α  [6]. 
 
Definition 2.2 A unit speed curve nER: →Ι⊂Ιβ  is called general helix if its tangent 
vector *1V  makes a constant angle with a fixed direction U  [1]. 
 
Theorem 2.1 Let nE: →Ιβ  be a unit speed curve and  a general helix in nE . Then the 
unit direction of the helix : 
][ cos *
3
**
11 i
n
i
i VGVU ∑
=
+= θ . 
Here, 1
*
1 cos),( θ=UsV  and . 3 , ])([
1
 0,G1, * 1
*
2
*
2*
1
**
2
*
1 niGGkk
GG iii
i
i ≤≤′+=== −−−
−
On 
the other hand, { }**2*1 ,...,, nVVV  is the Frenet frame of β and * 2* 1, −− ii kk  are curvatures of 
β , where ni ≤≤3 [1]. 
 
Definition 2.3 A unit speed curve nER: →Ι⊂Ια  is called slant helix if its unit 
principal normal 2V  makes a constant angle with a fixed direction L  [2]. 
 
Theorem 2.2 Let nE: →Ια  be a unit speed curve in nE . Define the functions  
][1 ,  , 1 , )( 122
1
1
2
1
3211 −−−
−
′+==== ∫ iii
i
i GGkk
GG
k
kGGdsskG , 
where ni ≤≤4 . Then α is a slant helix if and only if the function  
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is constant and non-zero. Moreover, the constant 22sec θ=C , being 2θ  the angle that 
makes 2V  with the fixed direction L that determines α [2]. 
 
Theorem 2.3 Let nE: →Ια  be a unit speed curve and  a slant helix in nE . Then the 
unit direction of the helix : 
][ cos
1
2 i
n
i
iVGL ∑
=
= θ . 
Here, 22 cos),( θ=LsV  and  
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On the other hand, { }nVVV ,...,, 21  is the Frenet frame of α  [2]. 
 
Definition 2.4 Let nE: →Ιβ  be a unit speed curve in nE . Harmonic curvatures of β
is defined by  
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[3]. 
 
Theorem 2.4 Let nE: →Ιβ  be a unit speed curve and  a general helix in nE . Then the 
unit direction of the helix : 
]...[ cos *2*31*11 nn VHVHV −+++=Χ θ . 
Here, 1
*
1 cos, θ=ΧV . On the other hand, { }**2*1 ,...,, nVVV  is the Frenet frame of β and 
{ }221 ,...,, −nHHH  are the harmonic curvatures of β [3]. 
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Remark 2.1 If the Frenet frame of the tangent indicatrix β of a space curve α  is 
{ },,, *3*2*1 BVNVTV === then  
)  (1
)  (1
22
*
3
22
*
2
*
1
btBV
btNV
nTV
κτ
τκ
τκ
τκ
+
+
==
+−
+
==
==
 
and  
κ
τκ
κ β
22 +
=  is the curvature of β , )( 22 τκκ
τκτκ
τ β
+
′−′
=  is the torsion of β , where 
{ }bVnVtV === 321 ,,  is the Frenet frame of α and κ  is the curvature of α , τ is the 
torsion of α [8]. 
 
3. SLANT HELICES AND SPHERICAL HELICES 
 
   In the following Theorem, we give the relation between slant helices in nE  and 
spherical helices on the unit hypersphere in nES 1-n ⊂ . 
 
Theorem 3.1 Let nER: →Ι⊂Ια  be a unit speed curve ( parametrized by arclength 
function s ) in nE  and let n1 ES: ⊂→Ι −nβ be the tangent indicatrix of the curve α , 
where 1S −n  is the unit hypersphere in nE . Then the curve α is a slant helix with  
direction L  in nE  if and only if the curve β is a general helix (spherical helix) with 
direction L
 
on 
nn ES 1 ⊂− . In other words, α and β  have the same direction L . 
 
Proof: The tangent indicatrix of the curve α  is defined by  
)(s
ds
d βα = . 
We assume that the arclength parameter of β  is βs . Then we can write 
ββ
ββ
ds
ds
ds
d
ds
d
= . 
And, from the Frenet equations (see Definition 2.1), 
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ββ
β
ds
ds
sVsk
ds
d )()( 21= . 
Thus, from the last equation, by taking norms on both sides, we obtain )(
1
1 skds
ds
=
β
 
)0)(( 1 ≠sk . Hence, we have )(2 sVds
d
=
β
β
. 
Now, we assume that the curve α is a slant helix with  direction L  in nE . So, the scalar 
product between the unit principal normal vector field 2V  with L  is  
θcos,2 =LV . 
On the other hand, we know that 2Vds
d
=
β
β
. Hence, we have θβ
β
cos, >=< L
ds
d
. It 
follows that the curve β is a general helix (spherical helix) with the direction L
 
on 
nn ES 1 ⊂− . 
Conversely, the curve β is a general helix (spherical helix) with direction L
 
on 
nn ES 1 ⊂− . Then we have θβ
β
cos, >=< L
ds
d
, where βs  is the arclength parameter of β . 
On the other hand, we know that 
β
β
ds
dV =2 . Hence, we have θcos,2 =LV . So, we 
deduce that the curve α is a slant helix with  direction L  in nE . This completes the 
proof. 
    
   This above Theorem has the following corollary. 
 
Corollary 3.1  Let nER: →Ι⊂Ια  be a slant helix with unit speed  (or parametrized by 
arclength function s ) and let n1 ES: ⊂→Ι −nβ be the tangent indicatrix of the curve α
(parametrized by arclength function βs ) , where 1S −n  is the unit hypersphere in nE .We 
assume that the direction of α is ][ cos
1
i
n
i
iVGL ∑
=
= θ . Then the direction L  can be 
expressed in the forms  
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                 ][ cos *
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where θ  is constant. 
Here, for the curve α :   
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and  { }nVVV ,...,, 21  is the Frenet frame of α . 
Moreover, for the curve β :  
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and { }**2*1 ,...,, nVVV  is the Frenet frame of β , { }221 ,...,, −nHHH  are the harmonic 
curvatures of β .  
 
Proof: From the Theorem 3.1, since α and β  have the same direction L  and 
2
*
1 VVds
d
==
β
β
 , then θcos,, 2*1 == LVLV . So, we deduce that 
            ][ cos
1
i
n
i
iVG∑
=
θ = ][ cos *
3
**
1 i
n
i
i VGV ∑
=
+θ = ]...[ cos *2*31*1 nn VHVHV −+++θ . 
   This completes the proof. 
 
   In the following example, it has been obtained a general helix on the unit hypersphere 
32 ES ⊂
 by using a slant helix in 3E . 
 
Example 3.1 Let )3sin
15
4
,8cos
40
12cos
5
2
,8sin
40
12sin
5
2()( ssssss +−−=α be a slant 
helix with unit speed in 3E , where 323 pipi << s . It is easily obtain the curvatures as 
follows: 
                                    
ss 3sin 4)( −=κ
 and ss 3cos 4)( =τ , 
where, κ  is the curvature of α and τ is the torsion of α . 
Now, we are going to find out the tangent indicatrix β  of the curve α : 
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)3cos
5
4
,8sin
5
12sin
5
4
,8cos
5
12cos
5
4()( sssss
ds
d
s −−==
αβ . 
That is, )(sβ  is a general helix on the hypersphere 2S  in 3E . The slant helix α is 
shown in the following Figure 1 and the tangent indicatrix β of the curve α is shown in 
the following Figure 2, where 323 pipi << s . 
 
 
 
                                                         Figure 1                                    
 
 
 
                                                           Figure 2  
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   For Corollary 3.1, we can give the following example. 
 
Example 3.2  In this example, we are going to find out the directions of the curves α
and β  defined in Example 3.1. 
The direction of the slant helix α : 
][ cos][ cos 321
3
1
bGnGtGVGL i
i
i ++== ∑
=
θθ , 
where ∫= dssG )(1 κ , 12 =G , 13 GG τ
κ
=
 and { }bVnVtV === 321 ,,  is the Frenet frame 
of the slant helix α . From the example 3.1, we know that ss 3sin4)( −=κ  and  
ss 3cos4)( =τ .So, it is easily obtain the 1G and 3G  as follows: 
                                          
sG 3cos
3
4
1 =  and sG 3sin3
4
3
−
= . 
On the other hand, from theorem 2.2 , we know that θ2232221 sec=++ GGG . Hence, we 
can deduce from the last equality that 
5
3
cos =θ . 
Finally, the direciton of the slant helix α is found out as  
bsnsL )3sin
5
4(
5
3
 t)3cos
5
4( −++= . 
The direction of the tangent indicatrix β : 
][ cos][ cos *3*
3
3
**
1 BGTVGVU i
i
i +=+= ∑
=
θθ , 
where ])([1 *2*1*3 ′+= GGG β
β
κ
τ
 ( βκ is the curvature of β and βτ is the torsion of β ) and 
{ }BVNVTV === *3*2*1 ,,  is the Frenet frame of β . 
From theorem 2.1, we know that 1*1 =G  and 0
*
2 =G . So, 
β
β
τ
κ
=
*
3G . On the other hand, 
from remark 2.1, 
κ
τκ
κ β
22 +
=  and )(
  
22 τκκ
τκτκ
τ β
+
′−′
= . Hence, we obtain 
τκτκ
τκ
  
)( 2322*
3
′−′
+
=G . Again, from remark 2.1, nT =  and )  (1
22
btB κτ
τκ
+
+
= . 
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Consequently, ıf we also consider that ss 3sin4)( −=κ  and  ss 3cos4)( =τ , then the 
direciton of the helix β  is found out as  
bsntsU )3sin
5
4(
5
3)3cos
5
4( −++= , 
where 
5
3
cos =θ . 
   Notice that the directions of the curves α and β  equal. 
 
4. HELIX HYPERSURFACES AND HELICES 
 
   In this section, we give the important relations between  slant helices, spherical 
helices in nE  and geodesic curves on a helix hypersurface in nE . 
 
Definition 4.1  Given a hypersurface nE⊂M  and an unitary vector 0≠d  in nE , we 
say that M  is a helix hypersurface with respect to the fixed direction d  if ξ,d  is 
constant function along M , where ξ  is a normal vector field on M [4].  
 
Theorem 4.1 Let M  be a helix hypersurface with the direction d  in nE  and let 
M→Ι⊂Ι R:α  be a unit speed geodesic curve on M . Then, the curve α  is a slant 
helix with the direction d  in nE [16]. 
 
Proof: Let ξ  be a normal vector field on M . Since M is a helix hypersurface with 
respect to d , constant, =ξd . That is, the angle between  d and ξ  is constant on 
every point of the surface M . And, λξα =′′ )(s | )(sα
 
along the curve α
 
since α  is a 
geodesic curve on M . Moreover, by using the Frenet equation 211)( VkVs =′=′′α , we 
obtain λξ | 21)( Vks =α , where 1k  is first curvature of α . Thus, from the last equation, by 
taking norms on both sides, we obtain 22 -Vor  == ξξ V . So, constant is , 2Vd
 
along 
the curve α  since constant, =ξd . In other words, the angle between d  and 2V  is 
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constant along the curve α . Consequently, the curve α  is a slant helix with the 
direction d in nE .  
   This completes the proof. 
 
   Now, we can give a new Theorem by using the above Theorem. 
 
Theorem 4.2  Let nM ER: ⊂→Ι⊂Ια  be a geodesic curve on M  with unit speed (or 
parametrized by arclength function s ), where M is a helix hypersurface with respect to 
a fixed direction d  in nE .Then the tangent indicatrix )(sα ′ of the curve )(sα  is a 
spherical helix on unit the hypersphere nn ES 1 ⊂− . 
 
Proof: We assume that α is a geodesic curve on M . Then from Theorem 4.1, α is a 
slant helix with the direction d  in nE . On the other hand, from Theorem 3.1, the 
tangent indicatrix of the curve α is a spherical helix with the direction d  on the 
hypersphere nn ES 1 ⊂− .  
   This completes the proof. 
 
   This above Theorem has the following corollary. 
 
Corollary 4.1  Let nE⊂M  be a helix hypersurface in nE . Then, the tangent indicators 
of  all geodesic curves on the surface M are spherical helices whose axes coincide. 
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